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Motivation

de Sitter spacetime is the simplest model of an accelerating universe.

Spontaneous particle production in inflation allowing to probe very high energy
processes.

The least understood of three maximally symmetric spacetimes:

No energy conservation: nested
time integral even at tree level.

[
Mode functions = special functions \\ // \ ) 17
No dS/CFT correspondence | / |

dSg41 R4 AdSg+1

(tree level) tree level non-perturbative
(some loops)
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Momentum Space in QF'T

* Time integrals reflects the lack of proper momentum space.

* Observable in QFT = vacuum correlation functions defined through path integral

QO(XH) ... O(Xy)[$2) = /Dgp@(xl)...a(xn)eis[vl

M
fw. | — )«——Definition of the vacuum The functional S[¢] converges
ICk rotation — time axis tilted in the o is square integrable
- M = Mg ) complex plane P15

» If M has some symmetries, momentum space = basis of L.? found by representing
the symmetry group.
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Warm-up: Minkowski Momentum Space

L2 [McH—l] " Idea: Representations of the symmetry
group on this space

Goal: find a basis of

« Symmetry group = Pomc ( (1, d)

Abelian subgroup

=T ua — ZQ?uau Lorentz Lie algebra
Space & Tlme

P, P, =0 , LLorentz vector Rotation & Ty Joo| = #
translations | S
Jpos Pu] = 2in,,1, Py Boosts
* Casimir operator: C = —P"P,, ~ Ly = Commutes with all the algebra

* Schur Lemma: the eigenvalues of C label the Poincaré irreducible representations.

* Basis of the representation space = common eigenbasis to C and P,
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Warm-up: Minkowski Momentum Space

C is only self-adjoint on the Wick rotated axis z= il

Metl s Rd+l and M — ﬁ — 52 + (’9@-2

¢ We define the Minkowski harmonic function as:

{ Qo
@(I)p (Z,LE)

236 M
M=®" (2, x)

Consistent solution with in-out vacuum boundary conditions:




Warm-up: Minkowski Momentum Space

6_\/p2_|_M2‘Z|

We found the Minkowski harmonic function &) (z, ) = e '*P
p 2 2
2\/p? + M
Equivalent to d+1 dimensional Fourier:
s : >0 d¢ d%tipdw (- a
L 2 p M (M) __ p —IX-P—12W
fex) = [ ar S Pl g — | : f(w,p)
(L y 0 (2m)e P P (2m)¢ -
[2 function “On-shell” expansion “Off-shell” expansion
Obtained by explicitly Obtained by explicitly
diagonalising C and £ diagonalising Pp and P,

(M)

h dM*? p
° ° ° / M2 _I_ wz _I_ 2
Related by a dispersion relation: wg — M? + p? 0 p

This is possible because (’ is part of an abelian sub-algebra.
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De Sitter Space-Time: Basics

dS, c M?, illustration

d+1 dimensional de Sitter is defined as an hyperboloid

embedded in M%12 .
1
nap X2 XP = T (A, B=0,1,....d+1)

FLRW slicing = Poincaré coordinates:

—d7? + dx? 1
2 .
o (HT)? with a(7) Hr

T € (—00,0) | conformal time

Constant 7 hyper-surfaces = Euclidean planes R4
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de Sitter Representation Theory (1/3)

~ Idea: Representations of the symmetry
group on this space

r Dilatation D

Spatial rotations
SO(d), M;;

SO(1,d + 1) .{
Translation/Boost K; . P,

[/

 Lorentz algebra: [Jag, Jop| = #

1

* Casimir operator: C = — §J A5 Jap ~ Ogs —> Commutes with all the algebra

Goal:finda basisof 1% [dSzy ]

* Symmetry group = d+2 0
dimensional Lorentz: J AB = '

. 1 1 2 .
= D(D —id) - BK" = 5 M;;  — Not part of an abelian

T sub-algebra



de Sitter Representation Theory (2/3)

~ Idea: Representations of the symmetry
group on this space

r Dilatation D

Spatial rotations
SO(d), M;;

SO(1,d + 1) .{
Translation/Boost K; . P,

* Maximal set of commuting generators:

1 .
C = —§JABJAB ~[gs and P; ~ 10;

Goal:finda basisof 1% [dSzy ]

* Symmetry group = d+2 0
dimensional Lorentz: J AB = '
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de Sitter Representation Theory (3/3)

e Diagonalising the Casimir: Classifying the possible particle masses.

Iz |
Exceptional _/” C |p,> — Mi |M>
Series: M;% <0 \ Complementary
» d2 o S . h . o h . l'
@ | Series: M2 < - 20! ince ( is hermitian, the mass square is real:
; M/f & [R Like in Minkowski space!
* Unlike flat space, the relevant parameter is not the
Shadow Symmetry mass but the dS frequency u:
4y Principal Szeries: ,
2 | 2> d_Hz MM , \ d2
H — 4 I A— /’t .
. 2 4
! * This divides the possible irreps among three series.
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+ Branch :
4

1€

|

—1€

- Branch

de_|_1 — EAdSCH_l

Finding Harmonic Functions

C is only self-adjoint on the Wick rotated axis 2 = e¥ 2 7

and

................ ds —> FEAdS — Zzag —_ (d — ]_)Zaz —I— Z2822

{ "
Schwinger-Keldysh (or in-in) contour

EAdS <I>§a“) (2, D)

,D)

We define the harmonic function as:

M? 2
—Micbz(j‘)(z,p) I s

H? 4
= —ipiq)z(au) (2, D)

Solution consistent with Bunch-Davies vacuum boundary conditions:

Py (2,p) = e1"P
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H

ﬁ

d @ Modified Bessel
z d .
function



Kontorovich-Lebedev-Fourier Space

The harmonic function defines the Kontorovich-Lebedev-Fourier (or KLF) integral
transform:

This is the on-shell expansion. Contrary to flat space, there is no equivalent off-shell
expansion.

Let us see why!
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Completeness of the Principal Series (1/2)

Consider the Green function of the shifted Euclidean Laplacian in spatial Fourier space:

d+1 0 1 0 2 d’ A / /d+1 /
A, =z @(zdl az)—(pZ) -4 and (A, = N)GNz,2) =2 6(z — 2')

From homogeneous solution and matching conditions, we get

/ /
Gz, 7)) = —(22))2 { ?/XEPZ/)[;(\/X(FZ ) ior z/< 2
A2 )K x(pz) forz2' <z

Analytic in the cut plane \ € C\ (—o0, 0)

/

0 I T): A /
Gz, ') = / d)\. Discy (G* (z,2"))

B 271 AN o— A

— OO
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Completeness of the Principal Series (2/2)

Consider the Green function of the shifted Euclidean Laplacian in spatial Fourier space:

0 1 O d?
Az — Zd—l—l_ ( ) o (pz)2 | and (Az o )\)GA(Z,Z/) _ Z/d 15(2, B Z/)

0z \ z4=1 0z 4
Using Bessel function connection formula and set A = —u*, we get
1 4 o 7@ 7@ /
PARSCILy P LR
T H= = oy,

Acting with A, — )\ gives the completeness relation among the function K :

/ dp N, K (k2) Ky, (k2') = 2971 6(2 — &)

— OO

(22')>

T
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Where is the complementary Series?

-
We just showed that: flz,x)|= CIDI(D“) (2, a;)fz()“)
»/ ~ KLF| = |
[, EAdSg1] \\+Pr1nc1pal series

only

We restricted to L? functions since they are those that appear in the path integral!

Correlators can be more general functions and generally include all the irreducible
representations of SO(1,d + 1).

For instance, Kallén-Lehmann representation of a generic two-point function:

ddp fp - ) (1)
Go(X1, X5) :/ dp 1Po’ (M)(I’z(aﬂ)(21,$1)q’fp(22,$2)
: pac  (2m)" y
Wlth Positive spectral
XY = (Z, :13) densities

The principal series is enough to determine the other contributions.
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Example: CFT 2-point function (1/3)

* For a bulk scalar CFT, the non-perturbative 2-point function is:

! d—1 being th t li
GA(XE X2 = ¢ \ . eing the operator scaling
Al 42 22(1 —LXlE ‘ XQEJ)A with A > 2 dimension
€ (—o0, —1)
d
* The KLF transform converges for A > 5 (= regime of square integrability!)

o5 o
| ) — 271 Z Res (Q)
n—=0
d

This gives a series expansion also valid for A < 5

d | .
Gasa(Xi X5') =ca /KLF o (X E)yo) (XEr (A -5+ w)

— what happens in this regime?
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Example: CFT 2-point function (2/3)

* For a bulk scalar CFT, the non-perturbative 2-point function is:

1

NG —[XlE . X%}?( = 278 Z Res (0) (This is valid for all A)

—00,—1) n=0

Ga(X7, X5') =

* For A < g this is not given by the principal integral anymore!

d
CA/ (I)z(j'u) (X{E)(I)(_/g(X%E)F (A — — T i,u)
KLF 2

—j (A _ C_i) 0 N,—1
- 271 Res (Q) +271 Z Res( )
ey TS

— G g (XE XE) — 270 3 [Res(®) — Res (o))

n=0
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Example CFT 2-point function (3/3)

* For unitary CFT, A > > there can only be a single contribution.

* We recover the result from from a KLF point of view:

Ga(XP, XF) = /K e (XE)(XE B

d . dp _(a-4), oo (A-9),
10 (5-a)ami Res  (oB) [ Rzl el )

* The complementary series contributions in the spectral decompositions can be
read from the non-analyticities of p, (1) along the imaginary axis.

' 28 —
No known Branch cuts — Poles — isolated
examplesl!! continuous contributions contributions
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Extending KLF

» Isolated complementary contributions can be accounted for a generalised o function:

_CID(”)(Z az)_*CI)(a)(z xr) = (QW)d5(d)( — Vo (i) F C
e L D , _ D’ : — N D—D )0\ U orany a €
I3

[t acts on square-integrable functions as a shadow symmetric analytical continuation:
I \ 1 o) —
[ dusgbatn = 5 (55 + 157)

— OO

* This allows to expand more general functions in KLF:

po (1)
Ga(XP X7 = | oy (X))ol (X7)
KLF v

po(p) = po (1) + 4miO (g — A) di(ame)(r)  Res (pp(m))
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KLF Correlators

* The path integral is unaffected by the functional basis we use— we write it using
KLF:

Z\Jy, J | = /Dgp:ei&r[%"”_is[90]+fKLF(90+J++90J)

* This motivates the definition of KLF correlators: (112, 7o)
(11, P1) (13, P3)
T
G (m pm) H (2m) 86 Z[ T, J_] _
n---An | 5J£sz
’L:1 'UJ% ¢ 2 J:EZO

(£ Py

(15, Ps)
» Related to real space correlators by a KLF inverse transform:
Gayooan (X1 . X ) = /KLFn H <I>§a‘;j)(Xf)Qan...an (51:::;’;:)

* Asinthe CFT example, Ga, . a. (Zigz) can be a distribution.

24 Ga,..a (;.‘1:::,‘;:;) ~ o (o) X #



Free Theory

* A free field in dS has the following action:

O i ] .

ree Z dr d%x m2 5 4 id=1)w

LSty =5 [ it |(000)" — (00 — iyt = o (1 — p2)
—oo(17Fie) - _ 2 KL E

* One can perform the Gaussian path integral exactly (Weinberg 2005 in real space).

* This gives the following KLF-space Schwinger-Keldysh propagators:

i (d—1)

e 2 S,u (:u) _
: o) o 2 + (1, D) (1, —p)
jyy v . ( d / (:LL Mgo)ze N,u . - -
g'ugo (p’p/> N N,u 5#’ (IUJ)é (p T b ) 8#90 (:U“) eT iﬂ-(dQ_l) - 4 +
Ny (M2 —p2) —ie - - -

where the dS ie prescription is:

1 B 1 | eTTHe e~ THe see

2 2. : 2,2 ; 2 2 . ' ' IV:
(,U _ :ugp)ze ) Slnh(/ﬂ-ﬂgp) L Iu(p + 7€ [ lugp € Pimentel, Melville arXiv
Werth arXiv:
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Interaction Vertices

* Interactions can be treated perturbatively as in standard QFT.

* For example, polynomial self-interaction £; = —\p™ /n!:
(:u27p2)
(p1,P1) (3, D3)
n (n=2)(d+1) _ind
. d «d 2 & 2
E : J n P1---Pn
(,LL4,p4) . 7-‘- 2
7=1
) (115, Ps)
where the vertex function Z;' /' is given by the following integral:
o0 n
. dn-2) 1
Ty = [ e 2T [ K (72)
0 J=1
* There is no frequency conservation at the vertices! This is because of a lack of

" \_, off-shell expansion



Application: Single exchange Diagram

* Exchange processes naturally appear in a spectral representation:

pi, ka ps, ks
. + 00
d+1 —izd L1 2 L L3 [
g~ (#1“2“3“4 ZA)z H € 2 d A/ IkleS Isk3k4
T+ \ki1kaksky 3 P o(u2 = p2);
o X 1€

Amputated diagram: g, ko pa, ka
no external legs

* The remaining spectral integral can be performed by closing the contour:

7

~ U d—3 B - d—3
Goy (ftsr) ocu(5)  [(@2-1) (v2=1)]
+00
_1)n (u)n I‘(n+d_2) l:d—2+n,d—1+n ] [l—n n 2]
X — F 2 2 F 2.0
| nz=:o(n'. d§2)2+ﬂi v T(n+1) *° gtn e
’ ’ —d-3 : _d-3

-3 T (5% i,ux)|4mei1/2 (e u™) P 21/ ('U_l) , U,V = 3/k12,34

Computation by Nathan Belrhali in general d, working on double exchange.

27 Generalises arXiv:




Application: Double exchange Diagram

* Exchange processes naturally appear in a spectral representation:
ki ko ks ks ks ke

0% 0% (iaiyu) (i,ivuﬁl) (lal,p’)
:/ wNw / " du () Btr ks T b
Gt = oo . (12 — 1), (2 — ),

Vy,S1, 41 H,52, 42

#] « Two layers of integration but it works the same way!

* Each layer comes with with two contributions from the two
types of poles.
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Application: Double exchange Diagram

* First original KLF
computation by
Nathan Belrhali:

* Produces the

background signal.

 The three other
contributions are
simpler.

5 dod—3/2 3d-d T 2 19T 2 1%
GZ’I' B (s (—1) 2d—3/ S9 ‘ k12 1 k56 1
4+ = d—2 -1 o1 s ) s )
\/k1k2k3k4312 —1 A : PN
LR () () () G i
ol \ s s1 kse —4)2 —2)2
nmop=o WPt N\ st/ As1) Nkse ) (pn+ 35T+t (p+ 52) T+ ad
d-3 k2| —3 5 () (=)
p+n+39=2 \ g : 3—p—n—37d ; p-l-%’ k34 "\ k34
_p 1-p 2
><2.7:1( 2°, 2 ,(3—2))
— 35— D 56
77/29d=3/2im5 (@)2_1 fzil (2/634) (32)p+1
- VEakakas.® sd-1 [\ 81 0 n— > °1
1R2R3R481° 89 p=0 n=
(p+1) n—p+d—2 k12 =3 k56
X 1 —
(p+1)2+ p? (n—p+d—2)2+u%Q’“+1 S1 Calilp+1)Q, 14 S9

(2.5)

where o7 and F4 are respectively regularized Gauss hypergeometric and regularized Appell

functions:
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Another example:Loop Diagrams

* We write the KLF space loop correction to the propagator:

(11, q)

(1, P) +<>+ m —p):

(U2, P — q)

)\QHCZ—?)

3

/(u

dulNﬂl dIUQN,LQ

— OO

2
1

— M?p)ie(ﬂg - M?p)ie

~

~

T2 3 Dy (1)

_J

L4
p

~—

* The momentum integral is fully fixed by kinematic:

Hd—3

T3

Py o (U)

Ny

/ <ddq g

o (XF)p™) (X F)

[LpLT 2

TR IO,le,u2 (ILL)

o T
) (411, P1] @ (12, Po|) |11, )
Y,

M fh2 b 2

4
I
(27r)d~"Palp—al”palp—dl

» Cubic vertex function is related to the dS Wigner 3u-symbols:

~
pH1 2
\ P1 P2

8a (1)

om)d~palp—alpalp—al H4/\/'3

30

Decomposition of the

tensor products

Kallén-Lehmann spectral density of
the field product



Conclusion and prospects

* We found the momentum space adapted to dS isometries: KLF space.

* Perturbative computations become transparent in this picture:

> O >t

Single exchange: Loop corrections: Double exchange:
done almost done work in progress!
Future Directions

* General statement about analytic structure in KLF — Causality?
* Proper language for effective field theory?

 Effect of unitarity = EFT positivity bound?

» Towards renormalisation in dS - KLF Polchinksi equation?
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